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Abstract. We introduce a new notion of Almgren's frequency which is adapted to solutions of 
a sub-Laplacian (harmonic functions) on a Carnot group of arbitrary step G. With this notion 
we investigate some new functionals associated with the frequency, and obtain monotonicity 
formulas for the relevant harmonic functions, or for the solutions of a closely connected class 
of degenerate second order operators of Baouendi type, see (|1.5p below. The results proved in 
this paper provide some new insight into the deep link existing between the growth properties 
of the frequency, and the local and global structure of the relevant harmonic functions in these 
non-elliptic, or subelhptic, settings. 

1. Introduction and statement of the results 



The celebrated frequency function of Almgren, and its monotonicity properties, play a funda- 
mental role in several questions in partial differential equations and geometric measure theory. 
We recall that in [A] Almgren proved that if u is a harmonic function in, say, the closed unit 
ball Bi C M", then its frequency 



r N{u,r) = J , 0<r<l, 

where Sr = dBr, is non-decreasing on the interval (0, 1). In particular, N{u, •) G L°°(0, 1), with 
||A^(ti, •)IIl°°(o,i) = ^{u^ !)• This latter fact implies the following doubling inequality 

/ u"^ < C{n,\\u\\wh2(^Bi)) '"^ < r < 1/2, 
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which, in turn, proves the strong unique continuation property of harmonic functions. For this 
aspect the reader should see the papers [GLinlj . [GLin2j . by F.H. Lin and the first named author. 
In those papers Almgren's monotonicity was generahzed to ehiptic operators in divergence form 
with Lipschitz continuous coefficients, and the unique continuation property was proved. 

The recent work of Caffarelh, Salsa and Silvestre |CSSj has brought to light a fundamental 
new role of Almgren's monotonicity of the frequency in the study of free boundaries for lower- 
dimensional obstacle problems. The subsequent work of Petrosyan and the first named author 
[QPJ on the analysis of the singular points in the lower-dimensional obstacle problem has un- 
derscored a deep connection between the monotonicity of the frequency and two one-parameter 
families of new monotonicity formulas inspired to the single ones, originally discovered by G. 
Weiss |W| . and R. Monneau |MJ, for the classical obstacle problem. One remarkable new aspect 
which was brought to light in |CSS| is the connection between free boundary problems for the 
fractional Laplacian and monotonicity formulas of Almgren type for some degenerate elliptic 
operators of subelliptic type which belong to a class originally introduced by Baouendi in [B]. 

It was this connection that led us to introduce, in the present paper, a new notion of Almgren's 
frequency which is adapted to solutions of a sub-Laplacian on a Carnot group of arbitrary step 
G, which we call harmonic functions hereafter. With this notion we have investigated some 
interesting new functionals associated with the frequency, and obtained monotonicity formulas 
for the relevant harmonic functions, or for the solutions of a closely connected class of degenerate 
second order operators of Baouendi type, see (jl.Sp below. The results proved in this paper 
provide some new insight into the deep link existing between the growth properties of the 
frequency, and the local and global structure of the relevant harmonic functions in these non- 
elliptic, or subelliptic, settings. 

To put our results in the proper historical perspective, we recall that in [GL] E. Lanconelli and 
the first named author studied the problem of unique continuation on the Heisenberg group H". 
Motivated by the cited works ^GLinlj . |GLin2| . in [GLj the authors introduced an analogue of 
Almgren's frequency function which we now describe. Henceforth, given a function u G C^(EI") 
we will indicate with |V//np the square of the length of its horizontal gradient, see (13. ip below. 
Denoting with p{g) = {\z\^ + 16t'^)^^^ the anisotropic Koranyi gauge on H", we let Br = {g £ 
EI" I Pi9) < ^iid denote by Sr = dBr its boundary. We define the Dirichlet integral of a 
function u in Br as follows 

(1.1) Dir)= I \VHu\''dg, 

where \Vhu\'^ denotes the degenerate energy associated with the so-called horizontal gradient 
of u, see ()3.ip below. The height of a function u on Br is defined as 

(1.2) H{r) = u^\VHp\daH, 

where we have denoted by dan the restriction to Sr of the if-perimeter measure a la De Giorgi, 
see for instance |DGN1| . The original definition of H{r) in |GLj was formulated in a different 
way, but we are casting it in the form (II. 2p since this is more in accordance with our general 
Definition 13.11 below. 

Given a harmonic function n, i.e., a solution of the equation Aj^« = 0, where A// indicates 
the Kohn sub-Laplacian on H", the frequency of u was defined in |GL| as 

(1.3) N{r)=N{u;r) = '-^. 

Notice that, similarly to Almgren's frequency function, the function N{u; r) is scale invariant, 
in the sense that 



(1.4) 



N{5rU]l) = N{u]r), 
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where 6r{z,t) = {rz,r'^t) indicates the non-isotropic dilations in H", see also the general Propo- 
sition 13.31 below. In [GLj the authors proved that the frequency function (jl.Sp of a class of 
solutions to appropriate perturbations of the Kohn sub-Laplacian on H" is locally bounded. 

In this paper we propose a generalization of the functionals (jl.ip . (jl.2p above for harmonic 
functions on any stratified nilpotent Lie group G (also known as a Carnot group). With such 
functionals we then form the relevant frequency function, which generalizes ()1.3p . and we study 
the connection between its properties and the local and global structure of the harmonic functions 
on G. In such general framework we needed an ad hoc replacement for the the gauge balls in 
(jl.ip . ()1.2p . Motivated by the representation formulas in |CGLj . we have chosen to work with the 
level sets of the fundamental solution of a sub-Laplacian Ah on G. Such fundamental solution 
was constructed by Folland in [F2], see (j2.6p . (j2.8p in Section [2] and Definition 13.11 in Section [3] 
below for the relevant definitions. 

Remarkably, although the fundamental solution of a sub-Laplacian in a Carnot group is not, 
in general, explicitly known, we have nonetheless been able to derive, with the correct scalings, 
the basic first variation formulas for the relevant functionals entering in the definition of the 
frequency. Proposition 13.41 below is a first example. Such result allows to connect the Dirichlet 
integral D{r) of a harmonic function n, to a surface integral which involves the infinitesimal 
generator of the non-isotropic group dilations, see (12. 3p below. This immediately implies our 
Proposition 13.81 below stating that, similarly to what happens for a classical solution of Au = 
in M", in a Carnot group G the frequency of a harmonic function homogeneous of degree k is 
constant, and equal to k. Here, the notion of homogeneity is tailored on the group dilations. 

In Section[3]we connect the local boundedness of the frequency to a deep property of harmonic 
functions, namely the doubling condition, and the closely connected strong unique continuation 
property (sucp). Unlike what happens for classical harmonic functions in M", harmonic functions 
on a Carnot group G are not real-analytic in general, see the discussion at the end of Section 
m Therefore, the analysis of the uniqueness properties of sub-Laplacians becomes an extremely 
delicate question which, regrettably, is still to present day largely not understood. An initial very 
interesting study of what can go wrong for smooth, even compactly supported, perturbations 
of sub-Laplacians was done by H. Bahouri in [Baj . However, Bahouri's work does not provide 
any evidence, in favor or to the contrary, about the fundamental, and largely open, question 
of whether any sub-Laplacian in a Carnot group possesses the sucp. Our Theorem 14.31 below 
shows that a quantitative version of the sucp (the so-called doubling condition) is intimately 
connected to the local boundedness of the frequency. We prove that these two properties are in 
fact equivalent. It is our hope to be able to address the general question of the local boundedness 
of the frequency in a future study. 

In Section [5] we prove that any harmonic function in a Carnot group which has globally 
bounded frequency N{u, ■) must be a stratified polynomial of degree less than or equal the 
integral part of ||A^(u, •)IIl°°(o,oo)) see Theorem 15.11 below. This result was recently established 
for the above described frequency function introduced in |GL] by H. Liu, L. Tian X. Yang in 
the special setting of the Heisenberg group H". Our result generalizes Theorem 1.1 in [LTYj to 
all Carnot groups. 

In Section [6] we compute the first variation of the energy D(r) of a harmonic function, see 
Proposition 16.31 below, and introduce the notion of discrepancy of a function at a point, see 
Definition 16.41 below. In Theorem 16.71 we show that if u is a harmonic function with vanishing 
discrepancy, then its frequency is monotone nondecreasing. Furthermore, we prove in Proposi- 
tion [631 that if such a function has constant frequency equal to k, then it must be homogeneous 
of degree k. Combined with Proposition 13.81 the latter result shows that, for a harmonic func- 
tion u having vanishing discrepancy, the frequency is constant and equal to k is and only if u is 
homogeneous of degree k. 
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A fundamental open question is whether a harmonic function in a Carnot group possesses 
locally bounded frequency, or equivalently, whether harmonic functions have the strong unique 
continuation property. As we have shown in Theorem 14.31 and Theorem 14. 51 the boundedness of 
the frequency would suffice to establish the sucp. Although it is very tempting to conjecture that 
in a Carnot group G the frequency of a harmonic function is always locally bounded, presently 
we do not know whether this fundamental property is true. In Section[7]we prove two results that 
provide some interesting evidence in favor of this conjecture. The former. Theorem 17.11 states 
that in every group of Metivier type (and therefore, in particular, in any group of Heisenberg 
type) the frequency of a harmonic function is in fact locally bounded. For the Heisenberg group 
the proof of this result was suggested to us by Agnid Banerjee. Here, we reproduce with 
his kind permission a generalization of his idea. Theorem 17.31 provides an interesting sufficient 
condition, formulated on the discrepancy, for a harmonic function to have bounded frequency. 
It constitutes a generalization of a result which, in the special setting of the Heisenberg group 
H'^, was proved in [GL]. 

In Section [8] we establish an interesting new monotonicity formula for the functional W^iu, r) 
defined in (jS.ip below. The main thrust of this formula is that the derivative of Wk(u, r) vanishes 
if and only if u is homogenoeus of degree k. Our main result is Theorem 18.11 below which was 
inspired to a result that, for the classical Laplacian, was discovered by Petrosyan and the first 
named author in [GPj . Using such result we establish Theorem 18.41 below, which states that if 
a harmonic function u in G has vanishing discrepancy and constant frequency equal to k, then 
u must be a stratified solid harmonic of degree k. 

Section [9] is devoted to a further analysis of the discrepancy in the setting of groups of 
Heisenberg type. The characterization of the discrepancy provided by Lemma 19.81 allows us to 
prove in Proposition 19.91 that in a group of Heisenberg type a harmonic function has vanishing 
discrepancy if and only if in the exponential coordinates it is a solution of the Baouendi operator 
Ba in (jl.Sp below with a = 1. 

In Section [10] we finally turn to monotonicity properties of the Baouendi type operators 

(1.5) BaU = AzU + —^Atu, a > 0. 

Here, for given m,k G N, we have let z G M™' and t ^ M.^, and henceforth we will indicate 
= M™ X M.^. The operator Ba is uniformly elliptic away from the /c-dimensional manifold 
^A = {0} X M'^ C M^, but its ellipticity degenerates as one approaches ^A. When a = 2£, 
with £ en, then B Q is an operator of Hormander type, and therefore by the results in [Hj it is 
hypoelliptic. The operators (jl.5p belong to a class of operators first studied by S. Baouendi in 
[B], and later by V. Grushin in [Grl] and [Gr2j . A deep study of the local properties of solutions 
of equations modeled on (jl.5p was conducted in the pioneering work of Franchi and Lanconelli 
[FLj . see also the subsequent work of Franchi and Serapioni iFS], and the references therein. 

The case a = 1 in (jl.5p has a special significance since in such case the resulting operator is 
connected with the real part of the Kohn-Spencer sub-Laplacian Ah on the Heisenberg group 
H". In the real coordinates of M^""*"^ the latter operator is given by 

(1-6) Ah = A^ + —dtt + dt^ {^jdy^ - Vjdxj) ■ 

i=i 

If we let © = X]"=i {xjdyj — yjdxj), then it is clear that a harmonic function in H", i.e., a 
solution of Ahu = 0, for which Qu = 0, is also a solution of Biu = 0. We note that a function u 
in has Qu = if and only if u{e^'^z, t) = u{z, t) for every G M, and for every {z, t) G C" x M. 
When in particular n = 1, then Qu = if and only if u{z,t) = u*{\z\,t). 

We recall that for solutions of the operators (jl.5p a generalization of Almgren's monotonicity 
formula was proved in [G]. In Section [10] we use the results in [G] to establish some new 
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monotonicity results. The former, Theorem 110.81 below, is the counterpart of Theorem 18. H 
except that, interestingly, for the solutions of the Baouendi operators Ba we do not have the 
additional hypothesis of vanishing discrepancy. Our second main result is Theorem 110.141 b elow . 
which is inspired to a monotonicity formula for the classical Laplacian in [GPj. 

Acknowledgement: The work of Ermanno Lanconelli has been a constant source of inspiration. 
One of us, N.G., has not only benefited from such inspiration, but also shared with Ermanno a 
long friendship, countless hours of mathematical collaborations and discussions. On the occasion 
of his birthday, we dedicate this paper to him with affection. 

We also would like to thank Donatella Danielli for several helpful conversations and sugges- 
tions, and Agnid Banerjee for having pointed to our attention the second part of Theorem 14.31 
The idea of the proof of Theorem 17.11 b elow is also his, and we present it in this paper with his 
kind permission. 

2. Preliminaries 

We recall that a Carnot group of step r is a connected, simply connected Lie group G whose 
Lie algebra g admits a stratification g = Vi (B • • • ®Vr which is r-nilpotent, i.e., [Vi, Vj] = V^+i, 
j = 1, r — 1, [Vj, Vr] = {0}, j = 1, r. We assume henceforth that g is endowed with a scalar 
product < •, • >g with respect to which the VjS are mutually orthogonal. A trivial example 
of (an Abelian) Carnot group is G = M", whose Lie algebra admits the trivial stratification 
Q = Vi = M". The simplest non- Abelian example of a Carnot group of step r = 2 is the above 
mentioned (2n + l)-dimensional Heisenberg group W^. Given a Carnot group G, by the above 
assumptions on the Lie algebra one immediately sees that any basis of the horizontal layer Vi 
generates the whole g. We will respectively denote by 

(2.1) Lg{g') = gg' , Rg{g') = g' g , 

the operators of left- and right-translation by an element g £ G. 

The exponential mapping exp : g — )• G defines an analytic diffeomorphism onto G. We recall 
the Baker-Campbell-Hausdorff formula, see, e.g., sec. 2.15 in [V], 

(2.2) exp(C)exp(r/) = exp (^^ + rj + ^[^,7?] + ^{[^, [^,r/]] - [r/, [^,r]]]} + ... 

where the dots indicate commutators of order four and higher. Each element of the layer Vj is 
assigned the formal degree j. Accordingly, one defines dilations on g by the rule 

Ax^ = X^i + ... + X-^r, 

provided that ^ = + ... + £ g, with G Vj. Using the exponential mapping exp : g — )• G, 
these anisotropic dilations are then tansferred to the group G as follows 

(2.3) 6x{g) = exp oAa o exp"^ g. 

Throughout the paper we will indicate by dg the bi-invariant Haar measure on G obtained by 
lifting via the exponential map exp the Lebesgue measure on g. We let mj = dimV^-, j = 1, r, 
and denote by A'^ = mi + ... + the topological dimension of G. For ease of notation, we agree 
from now on to indicate with m, instead of mi, the dimension of the horizontal layer Vi of g. 
One easily checks that 

r 

(2.4) {do6x){g) = X^dg, where Q = ^jruj. 

i=i 

The number Q, called the homogeneous dimension of G, plays an important role in the analysis 
of Carnot groups. In the non-Abelian case r > 1, one clearly has Q > N. 
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Let {ei,...,em} indicate an orthonormal basis of the first layer Vi of the Lie algebra, and 
define the left-invariant C°° vector fields on G by the formula 

Xi{g) = dLg{ei), i = l,...,m, 

where dLg indicates the differential of Lg. We assume throughout this paper that G is endowed 
with a left-invariant Riemannian metric with respect to which the vector fields {^i, ...,Xm} are 
orthonormal. The sub-Laplacian associated with the basis {ei, Cm} is defined by the formula 



m 



(2.5) Ahu = Y,X, 

i=l 

A distribution u is called harmonic in G if Ahu = in T>'{G). Since the vector fields Xi, ...,X 
and their commutators up to step r generate the whole Lie algebra of left-invariant vector fields 
on G, thanks to Hormander's theorem, see [H], Ah is hypoelliptic (but not, in general, real 
analytic hypoelliptic). Thus, a harmonic distribution u can be modified on a set of measure zero 
so that it coincides with a C°° harmonic function. Henceforth, we will indicate with e G G the 
group identity. 

Let now T{g,g') = T{g',g) be a positive fundamental solution of —Ah- Such distribution is 
left-translation invariant, i.e., we can write 

T{g,g') = fig-'og'). 

For every r > 0, let 

(2.6) Br = \ geG\r{g,e)> ^ 



It was proved by Folland in jF2j that the distribution T{g) is homogeneous of degree 2 — Q with 
respect to the non-isotropic dilations (12. 3p . This implies that, if we define 

(2.7) p(g) = Tig)-'/^'3-2)^ 

then the function p is homogeneous of degree one. We obviously have from (j2.6p 

(2.8) Br = {g£G\ p{g) < r}. 

Henceforth, we will use the notation Sr = dB^. 
The position 

(2.9) d{g,g') = p{g-^ og'), 
defines a pseudo-distance on G. Using such pseudo-distance, we set 

Br{g) = {g' eG\ d{g',g) < r}, Sr{g) = dB^ig). 

We observe that if | • | denotes a non-isotropic gauge on G, then there exist < /? < a < oo, 
depending only on G, such that 

(2.10) a-^\g\ < p{g) < r^g\, g£G. 
As a consequence, with obvious meaning of the notations, we have 

(2.11) B^^l C Br C 41- 

A function n on a Carnot group G is called homogeneous of degree n with respect to the 
non-isotropic group dilations {(5a}a>o in (|2.3p if 

(2.12) ui5xg) = X^u{g), geG, A > 0. 

Throughout this paper we will indicate with Z the infinitesimal generator of the non-isotropic 
dilations (j2.3p . Notice that such C°° vector field is characterized by the property 



(2.13) ^u{5rg) = -Zu{6rg). 

dr r 
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One can show that a function u G C^(G) is homogeneous of degree k if and only if the 
fohowing Euler formula holds 

(2.14) Zu = Ku. 

We close this section by noting the following fact about the function p defined by (|2.7|) . 

Proposition 2.1. Let f : (0,oo) — t- M 6e a function, and define u{g) = f{p{g))- Then, one 
has 

Ahu = \Vhp\' |r(p) + ^/'(P)} ' {e}. 

Proof. It is an elementary computation based on (|2.7|) and the chain rule. The details are left 
to the reader. 

□ 

3. Energy, height and frequency of harmonic functions 

In this section we introduce the Dirichlet integral, the height and the frequency of a function 
on a Carnot group G, and establish some first basic properties of these functionals. We begin 
with the relevant definition. In what follows, for a given function u on G we indicate with Vhu 
the horizontal gradient of u given by 

Vhu = XjU Xj. 

3=1 

We also let 

m 

(3.1) \Vhu\^ = J2i^J^?- 

i=i 

Definition 3.1. Given a function u in a ball -B_r((7o) C G, for every < r < R we define its 
Dirichlet integral 

(3.2) Dg,{u,r)= [ \VHu\'^dg. 

JBr(go) 

The height function of u, see (|1.2p above, is defined as 

(3.3) Hg,{r)= j u^\VHd{-,go)\daH, 

J Sr{go) 

where we have denoted by dan the H -perimeter measure on Sr{go), o,nd with d{g,go) the pseudo- 
distance (j2.9p . The frequency of u ( with respect to go £ G) is defined as 

rDgoiu,r) 
Hgo{u,r) 

When go = e, the group identity, then we simply write D{u,r), H{u,r) and N{u,r). In such 
case, the kernel |V//d(-,5o)| ^^^^ be simply indicated with \\/hp\- 

By the left-translation invariance of the Haar measure on G (see |CGj ) and of the //-perimeter 
measure (see |DGN2j ) we immediately see that the frequency is invariant with respect to left- 
translations, i.e., 

(3.5) Ng,{u,r)=N{uoLg„r). 

Remark 3.2. In view of (|3.5p we can focus our analysis of the frequency on balls which are 
centered at the group identity. Also, when the function u is fixed throughout the discussion, we 
will simply write D[r),H{r) and N{r), instead of D{u,r),H{u,r) and N{u,r). 

A first important property of the frequency is represented by the following scale invariance. 



(3.4) Ng,{u-r)='-^^^^^, 0<r<R. 
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Proposition 3.3. Let AjfU = in Bji, then for every < A < R/r one has 

N{uo6x,r) = N{u,Xr). 

Proof. Hereafter, if indicates the topological dimension of the group G we will denote by 
-ffiV-i the standard (A^ — 1)— dimensional Hausdorff measure on G. We begin by recalling, see 
|DGN1| , that the //-perimeter measure on the boundary of the C°° domain is given by 

(3.6) dan = \NH\dHN-i, 

where, with being the (Riemannian) outer unit normal on Bj., one has 

m ^ m ^ 

(3.7) iV^, = < > = ^E^*/'^^ = ]vi\^^P- 
We thus obtain on Sr 

(3.8) ^ 

Recall that the functions g — )• p{g) and g — )• \VHpig)\ are respectively homogeneous of degree 
one and zero with respect to (|2.3p . We also recall, see for instance |DGN2j . that the //-perimeter 
measure scales correctly with respect to the nonisotropic dilations (j2.3p . in the sense that 

(3.9) daniSxig)) = X'^-'daHig). 
Using the properties (12. 4p and ()3.6p - (l3.9p . we now have 



r / \VH{uo6x)\^dg = {rX)X'-'^ f \VHu\^dg', 
f {u o 6xf\VHP\d<JH = A^-« j u'\VHP\daH, 

J Sr J Sr\ 

and thus the desired conclusion immediately follows. 

□ 

Our second result generalizes a corresponding property of the Dirichlet integral of a classical 
harmonic function in M". 

Proposition 3.4. Let G he a Carnot group of arbitrary step and let Z he the infinitesimal 
generator of the group dilations ()2.3p above. If u is harmonic function in Br, then for every 
< r < R we have 



r Zu 
D{r) = / u — \VHp\daH- 



Proof. We start with an even more general situation, and consider Hormander type vector fields 
{Xi, ...,Xm} in M^. The following formula is valid for £ C°°(IR^) and < t < /?, see [COL] . 

(3.10) ^(x) = [ ^(y)\^^^py^dHN-i{y) - [ AHHy)[nx,y) - j]dy, 

Jdn{x,t) |Vr(2;,y)| J^^^^^f^ t' 

where Ah = —YlT=i-^i-^i-' ^i^^u) is a positive fundamental solution of —Ah, 0,{x,t) = {y £ 
I r(x,y) > j}, and H^-i denotes the standard (A^ — l)-dimensional Hausdorff measure in 

Now, suppose we are in a Carnot group G. Note that, since in a Carnot group X* = —Xi, 
the operator Ah coincides with ()9.5p above. Let B^ = {g £ G \ T{g,e) > ^^^2 }, i.e. Br = 
r2(e,r'3-2). Setting t = r*3-2 in (fXTO]) we obtain 

(3.11) V'(e) = ^^(9) d^7V-i(5) - ^ Ah^(5) [rig) - ^] dg. 
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Introduce now the function p{g) = T{g)^^/^^~'^^ in (j2.7p above. With E(s) = s*^"^, we easily 
recognize that 

E'{p) 
E{pf 

This gives 

iVj^rp ^ E'{p) \VhP? ^ Q-2\VhP? 

|vr| e{pY \Vp\ pQ^^ \Vp\ ■ 

Substitution in (|3.11|) gives 

(3.12) m = ^ - - 

Suppose now that ip = , with A//n = in G, then p.l2p gives 

(3.13) uief = ^ j^^ -(^)'^^^^-^-i(^) - 2 |VHn(5)|^[^ - ^]dg. 



Notice that since V is homogeneous of degree 2 — Q, the function p in (12. 7p is homogeneous 
of degree one, and therefore |Vffp| (or any of its powers) is homogeneous of degree zero. Differ- 
entiating (I3.13P with respect to r we obtain 

(3-14) ^(^)'^^'^^--(^) = 1 |Vh-(.)I^^.. 

Rewriting (j3.14p we obtain 

(3.15) D(r) = lW„um% = ^^;iT ^ "(i')'^^''^-'^- 

Using the properties p.6p - p.9p above, after a rescaling we obtain 



(3-16) ^ u{g) |Vp(g)| ^-^^-i(g) = ;:q^ / ^(^^) |Vi/p(5)|f^^/f(5) 



u{5r{g)Y\VHp{g)\daH{g). 

Si 

Now we use (|3.16p . and (|2.13p to obtain from (|3.15p 
(3.17) D{r) =^|: / u{5rig)f\VHp{g)\daHig) 



r 

1 

r 



Si 

u{6r{g))Zu{5r{g))\V Hp{9)\daH{g), 

Si 

u{g)Zu{g)\V Hp{g)\d(TH{g), 



where we have denoted by Z the generator of the nonisotropic dilations. This completes the 
proof. 

□ 

We note for future use the following basic consequence of (I3.14p above. 
Corollary 3.5. Let AjfU = in Bji C G. Then, the averages 

^ u'^-^dHj,^,, 0<r<R, 
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are nondecreasing. This implies, in particular, that 



u — , , — uilJV-l 



(3.18) / u^\VHp\'dg<^ / - iw I 

Proof. By the first part of Corollary 13.51 and the coarea formula, we have 

, r f 2rvrf ,„ 



□ 



Lemma 3.6. Let u be a solution of A^u = in Bft C G. For any < r < R, either u = in 
Br, or H{r) / 0. 

Proof. Suppose H{r) = for some r G (0, i?). Then, u = on Sr- By Proposition 13.41 we must 
have D{r) = 0, and therefore V/fU = in B^. Since Xi, ...,Xm generate the Lie algebra of all 
left-invariant vector fields, we conclude that tt = in i?^. 

□ 

Remark 3.7. Henceforth, when we speak of the frequency of a harmonic function u in Bn we 
will always tacitly assume that for no < r < R the function u vanishes identically in Br. 
In view of Lemma \3.(^ this assumptions guarantees that H{r) ^ for every < r < R, and 
therefore the frequency N(r) of u is well defined in {0,R). 

With Proposition 13.41 in hands, we immediately obtain the following generalization of a result 
which, in the special case of the Heisenberg group H", was proved in |GLj . 

Proposition 3.8. Let G be a Carnot group of arbitrary step, and suppose that u be harmonic 
in B^ C G. If u is homogeneous of degree k.>0, then N{u;r) = k, for every r G {0,R). 

Proof. Suppose that u be harmonic in Bji and homogeneous of degree n. Then, we have by 
Proposition [33] and ([ZTi]) 

D{r)= u — \VHp\daH = - u^\V Hp\daH = -H{r). 

From (|3.4|) we conclude 

N{r) = K, < r < i?. 

□ 

In Proposition 16.81 below we will establish a partial converse to Proposition 13. 8i 

4. Local consequences of the boundedness of the frequency 

In this section we study the local behavior of harmonic functions having bounded frequency. 
We begin with the following simple, but very important consequence of formula (j3.14p above. 

Lemma 4.1. Suppose that u be harmonic in Br. Then, for every r G (0, ii) one has 

H'{r) = 9jL}LH{r) + 2D{r). 
r 

Proof. Formula (j3.14p can be rewritten as follows 

d I , . 2 

-H{r) = -n^,D{r). 



dr rQ ^ 
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Differentiating tlie left-liand side, we obtain 

-^^H{r) + H'{r) = 2D{r), 
wliicfi gives tlie desired conclusion. 

□ 

For a function u G C(G) and r > we now define the following mean value operators 

(4.1) M,.u{9) = ^—^r'Q [ uig')\VHdig\g)\'dg'. 

Q JBAg) 

Notice that if IS.hu = 0, then we obtain from (j3.12p above 

(4.2) u{g) = -^3^ / u{g —dHN-iig • 

JdBt(g) Nd{g'og)\ 

Integrating (|4.2p over the interval (0,r), and using the co-area formula, we find 

(4.3) u{g) = ^_lr-« / u{g')\VHd{g' o g)\^dg' = MMg). 

Q J Brig) 

Before proving Theorem 14.31 we recall the following key Lemma 3.1 from |BL| which allows to 
connect the averages (j4.3p on balls centered at different points. 



Lemma 4.2. Let G be a Carnot group and let f > be a continuous function on G. There 
exist constants C, A, A > 0, depending only on G, such that for every r > one can find go € G 
such that 

(i) go G dBxr,- 

(ii) Mrfig) < CMArfigo), for every g G Br-; 

(iii) Mrfigo) < CM^rfig), for every g G Br. 

The next result establishes a remarkable equivalence between the local boundedness of the 
frequency and the order of vanishing at a point of a harmonic function. We thank Agnid Banerjee 
for pointing the second part to our attention. 

Theorem 4.3. Let u be a harmonic function in Br and suppose that iV(n, •) G L°°(0,i?), with 
K = I |A^(ii, •)! |/,oo(o,_R) • Then, there exists a universal C* > such that 



(4.4) / u'dg < 0*2'^+^'' / u'dg, < r < R/2. 

Vice-versa, suppose there exist a constant C > such that 



(4.5) / u^dg <C u^dg, < r < R. 

Then, N{u,-) G L°°{0, R/2), and there is a universal C" > such that | |A^(m, •)! lL°°(o,i?/2) ^ 
CC". 

Proof. We begin by rewriting the conclusion of Lemma 14.11 in the following way 

. X d H(t) N(t) 

(4.6) _,„g_n=2-ii. 0<t<fl. 

Integrating ()4.6p between r and 2r, with < r < R/2, we find 

H(2r) f^'' , dt 

Exponentiating, we obtain 

(4.7) H{2t) < H{t) 2'3-i+2k^ < t < R/2. 
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We next fix r G (0, i?/2), integrate the latter inequality over the interval (0,r), and apply 
Federer's coarea formula to find 

(4.8) / u'\VHP\'dg'<2Q+'- [ u'\VHp\'dg'. 

Let now < r < i?/2. There exists and a universal C > such that 

[ v?dg' < CV^sup 

JB2r B2r 

At this point we use Lemma 14.21 above. Let g G i?2r be such that 

sup = u{g)'^ . 

Since u is harmonic, for every a > we have by (|4.3p 

\u{g)\ < M^r{\u\){g). 
By (ii) in Lemma 14.21 we can find go £ dBxar such that 

Mar{\u\){g) < CM^M)(.9o)- 

By (iii) in Lemma 14.21 we have 

MAar{\u\){go) < CM^2^,{\u\){e). 

From this chain of inequalities and the Cauchy-Schwarz inequality we conclude for some universal 
C > 



/ u^dg' < sup = u{gf < Cr'^ [ u^\VHp\^dg', < r < R/{A^a) 

JB2r B2r Jb.2^^ 



(4.9) 

A^ar 

If we now choose a > such that aA^ = 2, we obtain from (|4.9p and (|4.8p . 

/ u^dg' < C2^+^^ 1 u^\VHp\^dg\ < r < R/2. 

To reach the desired conclusion (|4.4p . all is left at this point is to observe that, since |V///9p is 
homogeneous of degree zero in G, there exists a universal constant C" > such that 

\^HP{9)? < C, for every g e G\ {e}. 

We now establish the opposite implication in the proposition. Suppose that (14.51) hold. The 
subelliptic Caccioppoli inequality, see [CGLj . and the hypothesis (|4.5p . give for a universal C" > 
and every < r < R/2, 



u dg . 



(4.10) D{r) f u'dg' < ^ / 

JB2r ^ J Br 

We now use ()4.9p (with qA^ = 2 and 2r replaced by r), to reach the conclusion that 

CC" 



D(r) < 



^[ u'\VHp\'dg'. 

r-^ JBr 



At this point, we use the harmonicity on u one more time and observe that, thanks to (|3.18p in 
Corollarv 13.51 we have 

/ u^\VHp\^dg' <^Hir). 

JBr ^ 

Substituting into ()4.10p we finally obtain for < r < i?/2 

N{r) < CC", 

for a universal C" > 0. This proves ||A^(u, •)\\l°°(o,r/2) ^ CC" , thus completing the proof. 
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□ 

As it is by now well-known, see [GLinlj . |GLin2j . the doubling condition (j4.8p has deep 
implications on the order of vanishing of a harmonic function at one point. Let us introduce the 
relevant definition. 

Definition 4.4. We say that a harmonic function u in Bji(gQ) vanishes to infinite order at 
go £ G if for every p G N one has 

u^dg = 0{r'P), as r 0+. 

Br {go) 

We have the following result. 

Theorem 4.5. Let u he a harmonic function in Bfi{go), and suppose that Ng^^u, ■) S L°°(0, R). 
If u vanishes of infinite order at g^, then u = in Bji{gQ). 



Proof. By left-translation, see (j3.5p above, we can assume without loss of generality that go = 
e G G. Let k = \\Ngg{u, ■)\\Laa(^o^ji-^, and denote hy K = C*2'^+'^^ the constant in ()4.4p in 
Theorem Fix Ro < R. We thus have 

u^dg <K [ u^dg < ... < [ u^dg 



= K'\B^-,R^r\B^-,RX' I ^'dg 

= {K2-^'ifu^Rf\B^-,^^\-'^ [ n^dg, 

where 7 > is arbitrary and > is a universal constant. Now we choose 7 so that Kl"^^ = 1. 
This choice gives 

/ u^dg<CRf\B^-ejiJ-^ [ u^dg ^ 0, 

■JBr^ -JB^^ij^^ 

as £ — )• 00 since, by assumption, u vanishes to infinite order at e. This shows that n = in Bji^. 
By the arbitrariness oi Rq < R we conclude that u = in Br. 

□ 

Definition 4.6 (Unique continuation property). We say that the operator Ah has the strong 
unique continuation property (sucp), if u = is the only harmonic function that can vanish to 
infinite order according to Definition \4.4\ in a connected open set $7 C G. We say that Ah has 
the weak unique continuation property (wucp), if u = is the only harmonic function which 
can vanish in an open subset lv G Q of a connected open set J7 C G. 

Remark 4.7 (A smooth function with unbounded frequency). Here, we provide an example of 
a smooth function in a Carnot group G with unbounded frequency. For e > 0, let 



lo, g = e. 

The function u G C°°(G) solves the equation 

(4.11) Ahu = F, 

where with f{t) = exp (— ^) ift^O, and /(O) = 0, we have let, see Proposition \2.1 



F = \VHp\'[f"{p) + ^f'{p)] 
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The natural frequency associated with the equation ()4.1ip is N{r) = rl{r) / H{r), where H{r) is 
defined as in (13. 3p above, whereas 



I [\Vhu\'^ + Fu)dg. 



I{r) 

Similarly to Proposition \3.4\ we can prove 

(4.12) I{r) = / u—\VHp\daH. 

" Sr 

Since p in (|2.7p is homogeneous of degree one, we obtain from the chain rule Zu = f'[p)Zp = 
f'{p)p. We thus find from (|mD 

Hr) = ^^^P (-^) ^ \^Hp\daH, 

whereas one easily sees that 

H{r) = exp i^-y^ \VHp\daH. 

In conclusion, 

, rlir) £ 
= = ^' 

which shows that for no Rq > one can possibly have N £ L°°{0,Ro). The unboundedness of 
the frequency in this example is not surprising since if for some Rq > we had N £ L°°(0, i?o)j 
then from the equation 

d . Hit) N{t) 
Tr'''^W-^=^^^ 

which is still presently valid with N{t) = tI{t)/H{t), proceeding as in the proof of Theorem \4.3\ 
we would obtain a doubling condition as in (j4.8|) above. But this contradicts the fact that u 
vanishes to infinite order at e, without being identically equal to zero in a full neighborhood of 
e, see Theorem \4.5\ If we write 

(4.13) V = - = \V,p\^ = ^[' + ^^' ) ' 

then this example also shows that, as far as the sucp is concerned, the inverse square potential 
condition 

\V\ < ^\Vhp\^ 
P^ 

is sharp for the operator —Ah + V. The function u is in fact a solution of Ahu = Vu, with a V , 
given by ()4.13p . that barely violates this condition. We also note that this example shows that, 
for any I < p < Q/2 there is a potential V £ Lf^^{G) for which the sucp fails for solutions of 
Ahu = Vu. It suffices in fact to choose 0<e<^ — lin (I4.13p . For more surprising negative 
results in this direction the reader should consult the paper [BaJ, whereas for some positive results 
in the framework of the Heisenberg group H" the reader should see [GLj . 



Clearly, the sucp implies the wucp. Remarkably, the question of the sucp, or even that of the 
wucp, for sub-Laplacians on Carnot groups is a fundamental question which is largely open. In 
the Heisenberg group H", or more in general in any group of Heisenberg type, it is known that 
any sub-Laplacian is real analytic hypoelliptic (this follows from the fact, respectively established 
in [Flj and [K], that their fundamental solutions are real analytic outside of the singularity), 
and therefore harmonic functions cannot vanish to infinite order at one point (in the standard 
sense of vanishing with derivatives of all orders) of a connected open set, unless they vanish 
identically. However, even for H" a quantitative proof of the sucp for harmonic functions which 



FREQUENCY OF HARMONIC FUNCTIONS IN CARNOT GROUPS, ETC. 



15 



does not use real analyticity is not presently known. Thus, for instance, it is still not known 
whether, without using the real analyticity, harmonic functions in H" fall under the scope of 
Theorem 14.51 above, i.e., they have locally uniformly bounded frequency. 

In the framework of Carnot groups of step two, Helffer had proved in [Hej that if a sub- 
Laplacian in G is real-analytic hypoelliptic, then G must be a Metivier group. We recall that 
a Carnot group of step 2 is said a Metivier group if the Kaplan mapping is non-degenerate, 
see Definition 19.31 below. Thanks to a result of Metivier |Me2j . see also [Melj. it is known 
that if G is a Metivier group, then a sub-Laplacian Ah is real-analytic hypoelliptic if and 
only if it is hypoelliptic. Since by Hormander's theorem every sub-Laplacian is hypoelliptic, it 
follows than in Metivier groups all sub-Laplacians are real-analytic hypoellitpic, and therefore 
they possess the standard sucp. However, outside groups of step 2 there is (to the best of the 
authors' knowledge) no known example of a real-analytic sub-Laplacian. It is plausible (for this 
conjecture see L. Rothschild in |Ro| ) that no sub-Laplacian on a Carnot group which is not a 
Metivier group should be real-analytic hypoelliptic, but this question seems to be open. 

In view of the above considerations, the problem of the boundedness of the frequency, and the 
deeply connected sucp according to Definition 14.61 acquire a fundamental relevance, especially 
for groups which are not of Metivier type. In Section [6] we present some partial progress in this 
direction. 

5. Global consequence of the boundedness of the frequency 

In this section we turn to the question of understanding what happens when the frequency 
r — )• N{u,r) of an entire (harmonic) function u on a Carnot group G is globally bounded, i.e., 
it is bounded on (0, oo). In the special setting of the Heisenberg group H" this question has 
been recently studied in the paper [LTY| . and our Theorem 15.11 generalizes Theorem 1.1 in their 
paper to all Carnot groups, except that our proof is much shorter. For the definition of stratified 
polynomials in a Carnot group we refer the reader to [FSj and [BLUj . 

Theorem 5.1. Let G be a Carnot group and suppose that Ajju = in G. If there exists k > 
such that N{r) = N{u, r) < k for every r > 0, then u is a stratified harmonic polynomial of 
degree i < [k], with [k] equal to the integral part of k (when k > 0, we assume that for every 
r > 0, u ^ in Br). 

Proof. If K = 0, then u = const, on G and we are done. Suppose k > 0. By Lemma l4.ll we 
know that 

d Hit) Nit) 2k 
— log^f4 = < — , 0<t<oo. 

dt tQ~^ t ~ t 



Integrating in t G (r, R) we find 

(5.1) H{R) < H{r) (-) , 0<r<i?<oo. 



^\ Q-1+2K 



r 



Using Federer's co-area formula we easily obtain from (15. ip 

(5.2) u^\VHp\^dg< (^^y j^u^\VHP?dg, 0<r<R 
This gives for any i? > 1 

(5.3) [ u^\VHp\^dg < / u^\VHp\^dg 



< oo. 



IBr JBi 

At this point we use Lemma 14.21 above. For a fixed R > 0, let g £ Bpt such that 



sup l-ul = 1^(5)1. 

Br 
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Using the harmonicity of u, and arguing as in the proof of Theorem l4.3l above, we conclude that 

\ 1/2 

(5.4) sup \u\ < C'Mj,2R{\u\){e) < C* \ R'"^ / u'\VHP?dg 



sup \u\ < C^M^2R{\u\){e) < C* [R-^ [ n^lV^pP 



where A > is the universal constant in Lemma |4.2[ From ()5.3p and (j5.4p we finally have for a 
constant C = C{G, k) > 

(5.5) ||ti||ioo(5^) < C'i?'^||ti|||oo(5j), for every i? > A^^. 

The desired conclusion now follows from (j5.5p . and from the asymptotic Liouville Theorem 5.8.8 
in [BLU] . 

□ 

6. First variation of the energy and discrepancy 

We next want to study further properties of N{r). With this objective in mind it will be 
important to compute the first variation D'{r) of the energy. We will use the following Rellich 
type identity established in Corollary 3.3 in |GVj . 

Proposition 6.1. Let G be a Carnot group of arbitrary step, and suppose that Q C G is a 
bounded open set of class . For u G r^(r2) (T^ is the Folland-Stein class, see [F2\ ) one has 

2 / Cu <Vhu,Nh > dHN~i+ / dW^ClV Hu\^dg 
Jan Jn 

-2V / Xiu[X,,C]udg-2 / Qu^nudg 
Jn Jn 

|V//n|2 <(,u> dHN-i, 



I an 

where C is a vector field on G, and Nh is given by (|3.8p . 

We will need the following elementary facts established in [DGj. 

Lemma 6.2. In a Carnot group G the infinitesimal generator of group dilations Z enjoys the 
following properties: 

(i) divG^ = Q. 

(ii) One has [Xi,Z] = Xi, i = l,...,m, 

(iii) Ah{Zu) = Z{Ahu) + 2A}{U, for any u £ C°°{G). In particular, Zu is harmonic if such 
is u. 

Proposition 6.3 (First variation of the energy). Let G be a Carnot group of arbitrary step, 
and let u he harmonic in Br. Then, for every < r < R one has for a.e. r G (0, R), 

(6.1) D'{r) = ^^D{r) + 2 / — < Vhu, VhP > j^dH^-i 

r Jsr r \Vp\ 

= ^^D{r) + 2 [ —< Vhu, Nh > dHN-i- 
r Jsr r 

Proof. Let us begin with observing that the co-area formula gives 

D{r) = r [ 



JS, 



This identity implies for a.e. r G (0, R) 
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We now apply Proposition 16.11 in which we take u such that A//u = 0, = Z , and Q. = B^.. 
Using Lemma 16.21 which gives div^Z = Q, that [Xj, Z\ = Xi, and that Zp — p — v on Sf^^ WG 
obtain 

r I ^^dHN-l = 2 [ Zu< Vhu, Nh > dH^-i + (Q - 2) [ \VHu\^dg. 

JSr \^ P\ JSr J Br 

This formula gives the desired conclusion. 

n 

Definition 6.4 (Discrepancy). Given a function u in a Carnot group G, we define the discrep- 
ancy of u at e & G as 

(6.2) Eu =< Vhu, VrP > - — \Vhp\^- 

P 

The discrepancy of u at any other go G G is defined as the discrepancy at e of the function 
v{g) = u{g^^ o g). 

We note explicitly that, using ()6.2p . we can rewrite the first variation formula (|6.ip in Propo- 
sition [EH] as follows 



(6.3) = <i^Dir) + 2 / (£^y ^.ff.-. + 2 / f ^) e J""-^ 



s, \ r j |Vp| is,. \ <- ) |Vp| 

Theorem 6.5. Let G be a Carnot group, and let u be harmonic in Br. Suppose in addition 
that u has vanishing discrepancy at e in Br, i.e., 

(6.4) Eu =< Vhu, VhP > - — \VhP? = 0. 

P 

Then, for every < r < R one has for a.e. r £ (0, R), 

(6.5) D'{r) = 9^D{r) + 2 / (—\ ' \VHp\daH. 



□ 



Proof. If (j6.4p holds, then the desired conclusion follows immediately from (j6.3p . 



While in Section [9] we will provide large classes of examples in which the assumption (j6.4p is 
fulfilled, we state here a simple lemma which shows that the class of functions satisfying (|6.4p 
is not empty. 

Proposition 6.6. In a Carnot group G let u{g) = f{p{g)) for some function f : [0,oo) — t- M. 
Then, u has vanishing discrepancy Eu. 

Proof. By the chain rule we have Vhu = f'{p)V hP-, Zu = f'{p)Zp = f'{p)p, where we have 
used the fact that p is homogenous of degree one. Thus, 

Eu = np)\VHP\''-np)\VHP? = ^. 

□ 

Theorem 6.7. Let G be a Carnot group, and let u be harmonic in Br. Suppose in addition 
that u has vanishing discrepancy, i.e., u satisfies the differential equation ()6.4p in Br. Then, 
the frequency of u is non- decreasing on (0, i?). In particular, N{u,-) G L°°{0,R). In view of 
Theorems \4.3\ and \4.5\ we conclude that harmonic functions of vanishing discrepancy have the 
sucp in G. 
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Proof. From the definition (|3.4p of N{u,r) = N{r), we have for a.e. r G (0, i?), 

, . d , , , 1 D'(r) H'(r) 

(6.6) — logiV(r) = - + ^ ^ ^ ^ 



dr r D(r) -f^('^) 

_ 1 , Q - 2 ^ Jg, (f^)' l^HPldaH Q - 1 ^Zj(r) 
r r D{r) r H{r) 

_ . Is. {¥f \^HP\daH ^ js. u^\VHP\daH 

js^u^\^HP\daH jgy\VHp\daH ' 

where we have used, in the order, (j6.5p . Lemma l4.ll and Proposition 13. 4i From (j6.6p we imme- 
diately see that ^logA^(r) > fohows from Cauchy-Schwarz inequality. 

□ 

Theorem 16.71 immediatelv implies the following partial converse to Proposition 13.81 

Proposition 6.8. Let Ahu = in Bji C G, and suppose that u has vanishing discrepancy at e 
in Bfi, i.e., (j6.4p holds. If there exist k > such that 

N{u,-) = K in{0,R). 

Then, u is homogeneous of degree k in Br. 

Proof. We write for simplicity N{r) instead of N{u,r). From ()6.6p in Theorem 16.71 we have 

6.7 — logiV r = 2 t 7 , r — hi^ n >0 

by Cauchy-Schwarz inequality. But if we assume that N{r) = k in (0,i?), we conclude from 
(j6.7p that for < r < one has 

isA^f\'^Hp\daH jsr^^\VHP\daH 

Is.u^\^HP\d<JH !sy\^HP\daH 

and therefore we must have equality in the Cauchy-Schwarz inequality. This implies the existence 
of a function A(r), such that for every < r < ii one has 

= \{r)u on Sr- 

r 

Using this information in Proposition 13.41 we obtain 

D{r) = j u^\VHp\dcJH = A(r) / u'\VHp\daH = X{r)H{r). 
In turn, this gives 

K = N{r) = rA(r), 

which forces the conclusion A(r) = -. We thus infer that Zu = ku, and thus u is homogeneous 
of degree k. 

□ 

7. Two THEOREMS ON THE BOUNDED FREQUENCY 

We emphasize that we do not know whether the monotonicity of the frequency asserted in 
Theorem 16.71 is true without the additional assumption ()6.4p . We strongly suspect that, unlike 
what happens for classical harmonic functions, see [S], if the discrepancy of u does not vanish 
identically, the pure monotonicity of the frequency fails. However, as we have shown in Theorem 
14.31 and Theorem 14.51 its boundedness would suffice to establish the sucp. Although it is very 
tempting to conjecture that, for a given a harmonic function in Br C G, its frequency is always 
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locally bounded, presently we do not know whether this fundamental property is true. The next 
two results provide some interesting progress toward this open question. The former states that 
in every group of Metivier type the frequency of a harmonic function is in fact locally bounded 
(for the notion of group of Metivier see Definition 19.31 below) . For the Heisenberg group H" the 
proof of this result was suggested to us by Agnid Banerjee. Here, we reproduce with his kind 
permission a generalization of his idea. 

Theorem 7.1. Let G be a group of Metivier type, and let Ajju = in Br C G. There exist 
C,Ro > 0, depending on u such that for every < r < 2Rq one has 

u^dg < C I vP'dg. 



lB2r J Br 

As a consequence of this result and of Theorem \4.3\ we have N{u, ■) G L°°(0, Rq)- 

Proof. We begin by observing that, thanks to (|2.11|) above, if for g = {z,t) £ G we indicate 
with l^l = (|z|^ + 16|i|2)V4 the non-isotropic Koranyi gauge on G, then there exist universal 
constants a, /3 > such that 

In order to prove the theorem it will thus suffice to establish the following inequality 

(7.1) / u^dg <C f u^dg, 

for some constant C = > and for all < r < i2o- Next, we observe that using the 
exponential mapping we can identify G with (M^, o), where o denotes the group law of G. Having 
done this identification, in what follows, given a point g G M^, we will denote by B'^{g,r) the 
standard Euclidean ball centered at g with radius r, whereas we will continue indicating with 
Br{g) the (pseudo-) ball defined in ()2.6p . (j2.8p . As a consequence of the result of Metivier |Me2] . 
cited at the end of Section [H we know that u is real- analytic in Bji. We will appeal to the 
following theorem due to P. Garrett and the first named author, see Theorem 1 in |GGj : There 
exist Rq > and Cm,u > such that for every g G -Bij,/2 CLnd every < r < Rq, one has 

(7.2) / u^dg' < Cn,u I u^dg'. 

JB<'{g,2r) JB^{g,r) 

In what follows, if k > and B^ indicates a Euclidean ball B^{g,r) C M^, we will denote by 
kB"^ the concentric ball B^{g,Kr). Using the Besicovitch covering lemma in M^, we can find a 

constant K > 1 depending only on a, (3, such that we can cover B^j^ and b)^^ with countable 
families of Euclidean balls {^|} and {KBj} respectively, such that the following property holds: 
there exists Mn G N such that 

(7.3) 4' ^ U U 4i c u U ^^1 

i=i,...,j\rN B^&Gi i=i,...,j\fN B^&Gi 

where each Qi is a countable disjoint collection of balls. Consider now the Euclidean dilations 
Tr : R^ —7- R^ defined by Tr{g) = rg = {rz,rt). If i?| = B{gj,rj), then we clearly have 
Tr{B^) = B%Tr{gj),rrj). We claim that 

41 C Tr{B^^), for r < 1, 

or, equivalently, r-i(5|3|,) C sj^'. To see this, let g = {z,t) G sj^l., so that (|z|^ + IGltp) V4 < 
Then, consider T~^{g) = {z/r,t/r). When r < 1 we have 

\T-\g)\ = (^ + 16^)V^ = l{\z\^ + 16rW^^ < ^(kl^ + 161^1^)^/^ < ^ = 
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Hence, the above claim follows. From the claim and ()7.3p we thus conclude that 

(7.4) U U ^-(^|)' 

i=l,...,A/'jv-B|ee, 

and, analogously, 

(7.5) 41 C U U Tr{KB^,). 

i=i,...,MN B^eGi 

Since A/tv is finite and fixed, by (j7.5|) there exists at least one index io S {1, ...,Mn}, such that 

(7.6) / u'dgy^j 



u^dg. 

On the other hand, using the crucial doubling condition (17. 2p on Euclidean balls, and the fact 
that for i = I, ■■■,N'n each Qi is a disjoint collection, we obtain 



(7.7) / u dg < Cn,u / u dg < Cn,u u dg, 



where in the last inequality we have used (|7.4p . Then, by ()7.6p and ()7.7p we have 
(7.8) / , , u^dg <Mn [ u^dg < MnCn,u I , , 

which gives the desired conclusion ()7.ip . 



u^dg, 



□ 



Remark 7.2. Theorem \7.1\ shows that in every group of Metivier type, and thus in particular in 
every group of Heisenberg type (see Remark \9.4\ below), the frequency of a harmonic function is 
locally bounded. If, on the one hand, this result answers affirmatively a question which was left 
open in [GLJ and provides evidence in favor of a more general conjecture in any Carnot group, 
it does nonetheless contain an unsatisfactory aspect. The doubling constant in (17. ip depends on 
the doubling constant on Euclidean balls in the basic estimate (|7.2p from |GG] . The latter, in 
turn, depends on the real-analytic character of u, and thus on the value of all derivatives at u 
at the base point e E G. This is in sharp contrast with the doubling constant which one obtains 
from a local bound on the frequency which solely depends on the norm of u and of the first 
horizontal derivatives of u on a fixed ball. 

Before stating the next result, we introduce some quantities which play a role in its statement. 
In what follows, given R > 0, we will consider increasing functions / : (0, R) — )• (0, oo) satisfying 
the Dini integrability condition 

dt 

(7.9) /(t)y<oo. 
We note for future use that (|7.9p implies that 



(7.10) lim f(t) = 0. 

t->o+ 

Theorem 7.3. Let u be a harmonic function in Br and suppose that there exists a function f 
satisfying ()7.9p such that the discrepancy of u at e satisfy 



(7.11) |^«| < ^IVhpIVI, in Br. 
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(7.12) 



Then, there exists < Rq < R such that N{u,-) £ L°°{0,Rq). As a consequence, if k 
||A^(u, •)||ioo(o,_Ro), then u satisfies the doubling condition 

1 u^dg < C*2^+^^ 1 u^dg, < r < Rq/2, 

J B2r Br 

and therefore if u vanishes to infinite order at e, we must have u = in B^g . 
Proof. If we proceed as for (|6.6p . but using (|6.3p instead of (j6.5p . we obtain 

(7.13) logA^(r) = 2 ^ ^' - 2 li ^[ ^ + 2 ^ " ^ 1^"' 



dr'"""''' ~ l^^u^\VHp\daH Is^u^\VHp\daH f^^u^\VHp\daH' 



We now distinguish two cases: 
(7.14) 



Is {^) l^^'"'"^^^) (yj^A'^Hp\daH^ <V2D{ 



(7.15) (j^ iVHPldan) (^j^ u^lVMPldanY > V2 D{r). 



If (j7.14p occurs we use Cauchy-Schwarz inequality to find 

2 \ 1/2 



Zu \ dHN-i 
s.yr J ^" \Vp\ 



< 



< 



fir) 



Zu 

1/2 



\VHp\daH 



\Eu? dHN-i 
„|VhpP |Vp| 



1/2 



where in the last inequality we have used the assumption (j7.1ip . By (j7.14p we then find 



Zu 
r 



dH 



< 2V2^D{r) 



and we thus have from (j7.13p 
(7.16) 



dr J^^ u^\\/j^p\daH Ig^u^\VHp\daH r 

'fir) 



> -2\/2 

r 

by Cauchy-Schwarz inequality. 

If case (|7.15p occurs we use the inequality \ab\ < " to obtain 



fZu\ dHM-i 



< 



(v 



< 



Zu\ 



fir) 

, yHp\daH + ^ 



\Vup\d(yH 



u^\\7Hp\daH, 



\Eu\'^ dHN-i 

vlV//H' |Vp| 



where again we have used the assumption (|7.1ip . Substituting in (|7.13p we find 
(7.17) 



d. . ^ IsA^yWHp\daH Is^ u^\VHp\daH fir)' H 
— log N(r) > — ry — 2 



dr'""'-^-^- u^\VHp\daH Is^u'\V Hp\daH r' D{r) 



> 



fir)^H{r) 

J.2 2^(7-) ' 



22 NICOLA GAROFALO AND KEVIN ROTZ 

where in the last inequahty we have used (|7.15p . By (|7.10p we can now choose Rq £ {0, R) such 
that 

fir) < 1, 0<r<Ro. 

From (I7.17P we thus obtain 

d f(r) H(r) 

(7.18) iogN{r)>-lY-^, 0<r<i?o. 

ar D(r) 

To obtain a favorable estimate from (j7.18p . at this point we consider the set 

A^^^ = {0<r <Ro\ N{r) > max{l , N (Ro)} . 

Since the function r — N{r) is absolutely continuous, the set A/j^ is an open set, and therefore 
we can write it 

oo 

(7.19) Ar^ = \J (aj ,bj), aj , bj A^o . 

i=i 

We stress that if r G A/j^, we have N{r) > 1, and therefore 

H(r) 

— — < r. 

D{r) ^ 

We thus conclude from ()7.18p that 

(7.20) AiogiV(r)>-M, reAn^. 

ar r 

Combining ()7.17p and ()7.20p we obtain the following crucial information 

(7.21) AiogAr(r) > -2^/2^, r e Ar,. 

ar r 

With the estimate (j7.2ip in hands we can now prove that, in fact, N £ L°°{0,Rq). We proceed 
as follows. We define 

Jr = {te (r,2r) \ t^AR^}. 

On Jr we have trivially 

< N{t) < max{N{Ro),l}. 

On the other hand, integrating the inequality in ()7.2ip on {r,bj), where r £ {aj,bj) and {aj,bj) 
is one of the intervals in the decomposition (j7.19p . we obtain 

where we have let 

Fo = 2V2 fit)- < oo. 
Jo ^ 

Recalling that bj A/j^ , from this inequality we find for every r G A^p 

N{r) < exp(Fo) max{N{Ro), 1}. 
We have thus shown that G L°°{0, Ro), with 

(7.22) l|iV||L-(o,Ko) < K = max{l,exp(Fo)} max{N (Rq) , 1} . 
By Theorem 14.31 we obtain (j7.12p with k given by (|7.22p . 

□ 



frequency of harmonic functions in carnot groups, etc. 23 

8. One-parameter Weiss type monotonicity formulas on Carnot groups 

In this section we establish a new monotonicity formula for the subclass of harmonic functions 
which have vanishing discrepancy at e. Our main result is inspired to a monotonicity formula 
originally proved by G. Weiss [W| for studying the classical obstacle problem. In their recent 
work [GPJ , Petrosyan and the first named author discovered a one-parameter family of Weiss 
type monotonicity formulas, satisfied by the solutions of the lower-dimensional obstacle problem, 
and which play a key role in the analysis of the so-called blow-ups at singular points. These 
authors proved that such family of monotonicity formulas are deeply connected to Almgren's 
monotonicity of the frequency. The following theorem is in a similar spirit and we hope that it 
will prove useful in the analysis of variational inequalities of obstacle type. 

Theorem 8.1. Let G be a Carnot group, and let u be harmonic in Br. For every k > define 
forO<r<R 

(8.1) W^{u,r) =^ / iVj/npdg - ^q^^^^^ / u^\VHp\daH. 

If u has vanishing discrepancy at e in Br, i.e., u satisfies (j6.4p above, then one has 

(8.2) |-W«(n, r) = {Zu - ^uf \VHp\daH. 

As a consequence, r — yV^iujr) is non- decreasing. Furthermore, Wk{u,-) is constant if and 
only if u is homogeneous of degree k. 

Proof. From ()8.ip it is clear that we can write 

Applying Lemma 14.11 and the identity (j6.3p , we thus obtain 

Aw r ^ _ 1 p// X Q-2 + 2K D{r) k{Q-1 + 2k) H{r) k , 

' D [r) D{r) H (r) H B[r) 



2 



Q--2^\^D{r) + 2j^^(—^ \Vup\daH-'^^ D{r) 



-H{r) + 2D{r)] + F(r) + 2 / [ — ] Eu^^^ 



r I N \ r 



2 



j,Q-2+2k 



{/ i~r~^ NHp\daH-'^J u^\VHp\daH + J u^\VHp\daH 



j.Q+2n Jg^"^ ' l-'^t^l"'"^ ' ^Q-2+2k J^ y ^ y ^« |Vp| 

It is now clear that if u satisfies (j6.4p . then the identity ()8.2p holds. 



□ 



Before proving the next result we recall the Cauchy-Schauder estimates established in [CDGj . 
Although such estimates are valid for general Hormander type operators, we state them in the 
special setting of Carnot groups. 

Lemma 8.2. Let G be a Carnot group, and suppose that Ahu = in Bt^^ig)- For any s G N 

C 

\Xj^Xj.^...X.j^u{g)\ < —max \u\, 
r Br{g) 



24 NICOLA GAROFALO AND KEVIN ROTZ 

for some universal constant C = C(G,s) > 0. In the above estimate, for every i = 1, ...,5, the 
index ji runs in the set {1, ...,m} . 

Definition 8.3. Given a Carnot group G with a sub-Laplacian Ah, and a nonnegative integer k, 
we indicate with the (finite- dimensional) space of all stratified solid harmonics of degree 

K. I.e., *Pfj(G) is the space of all stratified polynomials on G which are 6\-homogeneous of 
degree k (recall (12. 3p ). and such that AhPk = 0. 



We liave tlie following global (partial) converse to Proposition 13.81 see also Proposition 16.81 
above. 

Theorem 8.4. Let u be a harmonic function in G satisfying the additional hypothesis ()6.4p . and 
assume that for no R > we have u = in Br. If for some number k >0 we have N{u, r) = k, 
then K must be a nonnegative integer and u = P,^, with P^ G ^^^(G) (see Definition [K. 



oo. 



Proof. Prom the hypothesis that for every r > one has u ^ in Br and Lemma 13.61 we now 
that H{r) ^ for every r > 0. We can thus divide by H{r) in (jS.ip . obtaining 

(8-3) W.Kr) = -^^(iV(r)-K). 

By the hypothesis that N{r) = k we conclude that = 0. But then, Theorem 18.11 gives 

j {Zu- Kuf\VHp\daH = 0, 0<r< 

By the co-area formula we conclude 

/ {Zu- Kuf\VHp\^dg = 0. 
Jg 

In particular, we must have 

(8.4) Zu = Ku, in G. 
This implies for any g £ G such that p{g) > 1 

u{g) = p{9Yu{5p(^g)-ig), 

and therefore 

1^(5)1 < (^max \u\j p{gY. 

This estimate gives for some constant M = M{u) > 0, 

(8.5) \u{g)\<M{l+p{g)r, g G G. 

Using ()8.5p . we now invoke the Cauchy-Schauder estimates in Lemma 18.21 obtaining for every 
s > K and for every g £ G 

\X,,X,,...X,M9)\ < 

Letting r — )• oo we conclude that all derivatives of u of degree s > k must vanish in G. By the 
stratified Taylor's formula in |FSj . we conclude that k is an integer and it is a stratified harmonic 
polynomial of order k, i.e., an element of the space ^^{G). 

□ 

Remark 8.5. We emphasize that (18. 4p above, i.e., the homogeneity of u, could have also been 
directly deduced from Proposition 1 6. ^ above. This is not surprising since Theorem \8.1\ represents 
a rescaled quantitative version of Proposition \6.^ with the intertwining between one result and 
the other given by the identity (18. 3p . 
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9. Analysis of the discrepancy in Carnot groups of Heisenberg type 

In this section we analyze in more detail, in the setting of groups of Heisenberg type, the notion 
of discrepancy introduced in Definition 16.41 above. Throughout this section we assume that G 
is a Carnot group of step two, with Lie algebra = Vi ® V2, where [Vi, Vi] = V2, [Vi, V2] = {0}. 
We endow g with an inner product with respect to which {ei, em} and {ei, efc} denote an 
orthonormal basis of Vi and V2, respectively. If Xi{g) = dLg{ei), i = I, ...,m, and Tg = dLg{ei), 
i = l,...,k, are the left-invariant vector fields generated by such basis, we assume that G 
is endowed with a left-invariant Riemannian tensor with respect to which the vector fields 
Xi, . . . , Xm, Ti, . . . , Tfc are orthonormal at every point. The sub-Laplacian with respect to the 
basis {ei, ...,em} is given by Ah = YllLi-^i- Consider the analytic mappings 2; : G — )• Vi, 
t : G — )• V2 uniquely defined through the equation g = exp{z{g) + t{g)). For each i = I, ...,m we 
set 

Zi = Zi{g) =< z{g),ei >, 

whereas for s = 1, ...,k we let 

ts = ts{g) =< t{g),es > ■ 
We will indicate with (z, t) G q the exponential coordinates of a point g €z G. 
Consider the linear mapping J : V2 — >• End(yi), defined by 

(9.1) < J{t)z,z' >=<[z,z'],t> . 

Definition 9.1. A Carnot group of step two is called of Heisenberg type if for every t £ V2 
such that \t\ = 1, the mapping J{t) is orthogonal. This is equivalent to saying that for every 
z,z' G Vi, and every t £ V2, one has 

(9.2) < J{t)z, J{t)z' >= |tp < z,z' > . 

In particular, when G is of Heisenberg type, then (19. 2p with z = z' yields 

(9.3) \Jit)z\'^ =< J{t)z, J{t)z >= 

We will need the following simple, yet crucial, result about groups of Heisenberg type. It 
follows from (|9.3p by polarization. 

Lemma 9.2. If G is of Heisenberg type, then for every t,t' £ V2 <ind any z £ Vi one has 

< J{t)z,J{t')z >= l^l^ <t,t' > . 

In particular, we obtain for 

< J{ee)z,J{ei')z >= \z\^5u'- 

Definition 9.3. A Carnot group of step two is called a Metivier group if there exists a constant 
B > such that 

\Jit)z\ > B\z\\t\, z £Vi, t£ V2. 

Remark 9.4. Clearly, every group of Heisenberg type is a Metivier group. The opposite inclusion 
is false. For instance (see Remark 3.7.5 in [BLU] consider G = = x with the group 
law 

{z,t){z',t') = {z + z',t + t' + -< Az,z' >), 
where A is the 4x4 skew- symmetric matrix 

/O -1 \ 

A = 



10 
-2 



\0 2 / 

Since det A ^ 0, the matrix A is non-singular and therefore G is a Metivier group. But G is 
not of H -type since A 0(4). 
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The following expressions of the vector fields X^, and of the sub-Laplacian in exponential 
coordinates will be useful, see |GV| . 

Lemma 9.5. Let G be a Carnot group of step two. Then, in the exponential coordinates {z,t) 
one has 

k 

(9.4) Xi = d,^ + ^Y.< '^(^^)^' > 



2 

e=i 



(9.5) Ah = A, + ^ J2 < ■^(^^)^' -^(^^0^ > dtA,, +Y,dt,ei, 

e,e'=i 1=1 

where represents the standard Laplacian in the variable z = {zi, ...,Zm), and 



(9.6) ee = Y,<J{£e)z,ei>d,^. 

i=l 

In particular, when G is of Heisenberg type we obtain 

(9.7) AH = A,+ ^-^At + Y,9t,ei- 

£=1 

We will also need the following. 

Lemma 9.6. Let G be a Carnot group of step two, and consider the gauge p = (|z|^ + 16|tp)"'^/^. 
Then, 

(9.8) |v^p|2 = ^(|^|6 + i6|J(t)z|2). 
If G is of Heisenberg type, then 

(9.9) \VhP? = 

Proof. In what follows we let r = r[g) = \z\,s = s{g) = \t\, so that 

/) = (r^ + 16s2)V4. 

Using Lemma 19.51 we find 

(9.10) X,p = -f£z, + ^ < J[e,)z, e. > t, 

£=1 

Idp 1 dp ^ , , 
= -TT^i + 7^-^ < J{t)z,ei > . 
r or 2s os 

Using the fact that < ■I{t)z, z >= for every t G V2, z £ Vi, this gives 

l--l^-(l)^-4^(l)E<^W->= 

' ^ i=l 

dpY . 1 f 



fr) ^I^{d-s) 
Now we observe that 

dp r^ dp 8s 
or p'^ OS p-^ 

Inserting these formulas in the last equation we obtain (j9.8p . When G is of Heisenberg type 
using dO]) in we obtain (fOjl . 



G ff|z|2 + l)2 + 16|t|2]^' 

c 



FREQUENCY OF HARMONIC FUNCTIONS IN CARNOT GROUPS, ETC. 27 

□ 

We next recall a beautiful result which is due to Folland for the Heisenberg group H", see 
[FT], and to Kaplan for groups of Heisenberg type, see [K]. 

Proposition 9.7. Let G be a group of Heisenberg type, and define the constant C > by the 
formula 

= m{Q -2) [ 

Jg 

Then, the function 

is a fundamental solution with singularity at e for the sub-Laplacian associated with the or- 
thonormal basis {ei,...,em}- 

As a consequence of Proposition 19. 71 we see that, up to a renormalization, the sets defined 
in (j2.6p are now given by Sj. = {(z, t) G G | p{z, t) < r}, where 

(9.12) p= (|z|^ + 16|t|2)i/4. 

The next lemma provides an expression for the discrepancy of a function u at e G G in any 
group of Heisenberg type. 

Lemma 9.8. Let G be a group of Heisenberg type and let p be as in (|9.12p . Given a function 
u : G — 7- M, its discrepancy at e is given by 

Zu 4 ^ 

En =< Vhu,VhP > -l^Hp]^ = ^ Vt^G^(n), 

p p-^ ^-^ 

where 0^ is the vector field defined in ()9.6p above. As a consequence, in a group of Heisenberg 
type a function u has vanishing discrepancy if and only if 



^teQe{u) = 0. 
Proof The equations (j9.4p and ()9.10p give 

m 

< Vhu,VhP >= XjuXip 



i=l 



E"^ f du 1 ^, . du\ (Idp I dp ^, , \ 

(^9^ + 2 g < ^(-^)-' -^>Qr,) y-r^r'^ + 21 a; < '^'^'^ > j 

11-. r\ -I O O 

op M—^ ou 1 op M—^ ou 

r dr ^ * dzi 2s ds ^ dzi ' * 

£=1 i=l * 

1=1 \i=l / 
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We now have 

, , , op sr^sr^ du I dp sr^ du 

^''') = Yrd-X^'^< '^''^'^'^ >OfrTrd-r^^ > dt, 

1=1 i=l ^ £=1 

On the other hand, we obtain from Lemma 19.21 

^^^^ = a? ^ E < '^(^^)^' >< •^(^)^' 

e=i \i=i J 
1 dp ^ , _^ , , du 

£=1 

r"^ dp du 2,„ du 

e=i « A" 

where we have used (|9.1ip and (|9.9p . We thus conclude that 

{I) + {III) + {IV) = —\VhP?. 

p 



Finally, it is clear from (j9.6p above that 



k 

{n) = -Y,%Q,{u). 



This completes the proof. 



□ 



In view of Lemma 19.81 in a group of Heisenberg type we have the following complete charac- 
terization of functions with vanishing discrepancy. 

Proposition 9.9. Let G be a group of Heisenberg type. A harmonic function u in Br has 
vanishing discrepancy at e if and only if u solves the Baouendi operator 

Biu = A^n H — —/S.tu = 0, in Br. 



Proof. Immediate consequence of Lemma 19.81 and of ()9.7p . 

□ 

Two sufficient, but by no means necessary, conditions for vanishing discrepancy are expressed 
by the following result. We recall that in a group of Heisenberg type (or even, more in general, 
in a Metivier group) the complex structure induced by the map J forces the first layer Vi of 
the Lie algebra to be even dimensional, i.e., m = 2n for some n G N. Let us write z G Vi as 
z = {x, y) = M^", and indicate with Wi = {xi,yi) G M^, i = 1, n, so that 



ri = \wi\ = y xf + yf, i = l,...,n. 

Definition 9.10. Let G be a group of Heisenberg type and li : G — t- M. 

(a) We say that u has cylindrical symmetry if in the exponential coordinates one has 

u{g) = ^{\z\,t) 

for some function ip : [0, oo) x V2 — >■ M. 

(b) We say that u has polyradial symmetry if instead one has 

u{g) = ip{\wi\, . . . ,\Wn\,t) 
for some function 93 : [0, cxd)" x V2 — ?• K. 
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Proposition 9.11. Let G he a group of Heisenberg type. 

(a) If u has cylindrical symmetry, then 

< Vhu,VhP >= —\Vhp\^^ 
P 

and therefore = 0. 

(b) In the case of the Heisenberg group H", if we make the weaker assumption that u is a 
polyradial function, then = 0. 

Proof. If u{g) = ip{r,t), with r = |z|, we have 

Oz,u = -—Zi, ^ = l,...,m, 

r or 

which gives 

Id 

Qeu = ^ < Jiee)z,ei > d^^u = -— < J{ei)z,z >= 0, i = 1, /c. 

i=l 



The conclusion of (a) follows from Lemma [ 

If G = H" for some n, there is only one 0^, given in equation ()1.6p as 

n 

(9.13) e = ^(x,aj,^. 

If in this case we assume that u{g) = (p{\wi\, \wn\,t), then for j = 1, 2, . . . , n, 

Inserting the information from (j9.14p and (|9.15p into ()9.13p . we have 

-A dip 

j=i ■' ■' 

Again, the result follows from Lemma l9.8i □ 

It is somewhat surprising that for general groups of Heisenberg type, it is not necessarily true 
that polyradial functions have zero discrepancy. This is illustrated by the following example, 
which is itself inspired by an example found in chapter 18 of [BLU] . 

Let V\ = and V2 = M^. Choose a basis {61,62,63,64} of Vi, and {£1,62} S V2, and let 
< •, • > be an inner product on 3 = Vi©V2 which makes the set {ei, 62, 63, 64, ei, £2} orthonormal. 
We create a Lie algebra on g by requiring that 

[61,62] = -[62,61] = [63,64] = -[64,63] = ei 

-[61,63] = [63,61] = [62,64] = -[64,62] = £2- 

and all other brackets are equal to zero. Since [0,0] = V2 and [V2,0] = {0}, the bracket of any 
three vectors in is zero. Hence the Jacobi identity is trivially satisfied and the resulting Lie 
algebra is nilpotent of step 2. By the results of section 2.2 in [BLU], this generates a Lie group 
G with Lie algebra isomorphic to 0. By the very definition of the bracket, [Vi, Fi] = V2 and 
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[^1) ^2] = [^2) ^2] = {0}, SO G is in fact a step 2 Carnot group with topological dimension n = 6 
and homogeneous dimension (5 = 4 + 2- 2 = 8. Now, 



< J{£2)e-i,ek > = -53k 

< -^(£2)63, efc > = 6ik 



< «/(ei)e2,efc >= -5ik, 

< J{£i)e4,ek >= -Ssk, 

< J{£2)e-2,ek >= S^k, 

< J{£2)ei,ek >= -52k- 



Therefore, given t = tiSi + 12£2, the matrix for J{t) in the basis {61,62,63,64} is given by 

/ -ti t2 \ 
-t2 

-ti 

t2 h / 

1 is of Heisenberg type. Let us compute the vector 



-t2 

\ 

This is clearly orthogonal if |t| = 1, hence 
fields Qi, ^ = 1, 2 for the group G. For 

z = X161 + X262 + ^363 + ^464 G 0, 



one has 



/o 


-1 













(-X2\ 


1 













X2 




X\ 











-1 




xs 




— X4 







1 


0^ 








\X3 J 





-1 



1 




1 



-1 



0/ 



X2 

X3 



/^3\ 

-xi 

\X2 J 



SO that, by Lemma l9.5( 

(9.16) 

(9.17) 

Consider the function u 



©1 = -X2dxi + xidx2 - X4dx3 + xsdxi, 

©2 = X3dxi - X4dx2 - Xidx3 + X2dxi. 

G — 7- M given in exponential coordinates by 

( ^\ 2,2 I |2 

U[Z, t) = Xi + X3 = \Wl\ . 



By (b) in Definition 19. 101 n is a polyradial function (we recall that x = {xi,X2) and y = (2:3, ^4) 
in this setting). Using (|9.16p and (|9.17p . we have 

tiQiU + t202 = -2ti(xiX2 + X3X4) 0. 

That the function u does not have vanishing discrepancy now follows from Lemma 19.81 

It is interesting to note that Q2U = for the function u above. This might suggest that by 
pairing the variables in a different fashion may lead to a polyradial-type function with vanishing 
discrepancy. This is not the case. If one defines 

Uij{z,t) = xf + x] z,j = 1,2,3,4, i/j, 

then it is easy to check that ti0i + ^202 does not annihilate any of these functions. 

10. MONOTONICITY FORMULAS FOR THE BAOUENDI OPERATORS Ba 
In this final section we turn our attention to the Baouendi operators 



(10.1) 



-A. 



a > 0. 



As we have seen in Section [9l when a = 1 these operators are intimately connected to the 
sub-Laplacians in groups of Heisenberg type. We recall that in the paper [G] the first named 
author had introduced a frequency function associated with Ba, and proved that such frequency 
is monotone nondecreasing on solutions of BaU = 0, see Theorem 110.61 below. A version of 
this Almgren type monotonicity formula for Ba played an extensive role also in the mentioned 
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recent work |CSSj on the Signorini problem. In this section we estabhsh some new monotonicity 
properties of the operators Ba, and use them to extract some new information about the local 
and global nature of solutions of BaU = 0. 

We let m and k be fixed positive integers, z G M™, t G M'^, and we denote N = m + k. We 
observe that B^ is not translation invariant in R^. However, it is invariant with respect to the 
translations along the fc-dimensional subspace M = {0} x R'^. Also, Ba can be written in two 
useful ways. As a divergence form operator, B^u = div(^Vn), where A = is the N x N 
block matrix given by 



A 



Ifn 

\,\2a 

^^h 



The operator can also be written as a sum-of-squares of not necessarily smooth vector fields. If 
we in fact denote 



dz, j = l,2,...,m 

dti.m j = m + l,m + 2,...,'m + k = N, 



(10.2) Xj = 
then clearly 

(10.3) Ba = Y.X 



N 

2 

j 



It thus follows by Hormander's theorem that Ba is hypoelliptic if a = 2.^ is an even integer. We 
equip with the following non-isotropic dilations 

(10.4) 6x{z,t) = {Xz,X''~^H), A>0. 

We say that a function u is i^A-homogeneous (or simply, homogeneous) of degree n if 

u{6xiz,t)) = \''u{z,t), A > 0. 

It is straightforward to verify that Ba is (J^-homogeneous of degree two, i.e., 

Ba{6x ou) = X^dx o {BaU). 

Functions which satisfy BaU = may have a certain degree of singularity along the manifold 
7W = {0} X It is thus necessary to introduce the following classes of "smooth functions" 

ri(fi) = {/GC(f])|/,x,/GC(f])}, 

where the derivatives taken are weak derivatives. We also set 

Thus, solutions to BaU = in are taken to be of class r^(r2). 
The infinitesimal generator of the dilations (110. 4p is given by 

m k 

(10.5) Za = Y, ^i^z, + (a + 1) • 

i=i j=i 

It is easy to verify that n S is homogeneous of degree k if and only if 

(10.6) ZaU = KU. 

We note that 

d{5x{z,t)) = X-^+(»+^)k 
which motivates the definition of the homogeneous dimension for the number 

(10.7) Q = Qa = m+{a + l)k. 
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In the study of the operators (jlO.ip the following pseudo-gauge on plays an interesting 
role: 

(10.8) p^{z, t) = + 4(a + ^ . 

We emphasize that this is not a true gauge, because there is no underlying group structure 
associated to Ba- Accordingly, the ball and sphere centered at the origin with radius r > are 
respectively defined as 

(10.9) Br = {(z, t) e I p(z, t) < r}, Sr = dBr. 
In [G], the first named author proved that, with Cq, > given by 

C„i = (m + a-l)(g-2) / U 

J^N + 1)2 + 4(„ + 1)2|^|2]2(^ 

the function 

Cn 



(10.10) r(..t) = ^_^j_,_^l,_, 

is a fundamental solution for —Ba with singularity at (0,0). Since, as we observed above, the 
operator is invariant with respect to translations along M. = {0} x M'^, this gives a fundamental 
solution for this entire subspace of . 

For n, u G r^(M^), we define the a-gradient of u to be 

Izl" 

Vaii = V^n + —^Vtu, 

and we set 

UP" 



The square of the length of VaU is 



|V„n|2 = iV^-up + ^lVH"- 
The following lemma, collects the identities (2.12)-(2.14) in [G] . 
Lemma 10.1. Given a function u one has in \ {0}, 

(10.11) = |v„/9„p = 

Pa 

and 

(10.12) < Van, VaPa >= ^ipa- 

Pa 

Given a function u G r^(i?/j), we now define, in analogy to what was done in Definition 13.11 
for Carnot groups, the Dirichlet integral, height, and frequency of u in Bji, respectively: 

u\^dzdt, <r < R, 



2a 



(10.13) 


D{r) 


= D(u, r) = 


J Br 


(10.14) 


H{r) 


= H{u, r) = 




(10.15) 


N{r) 


= N{u,r) = 


rD{r) 
H{r) 



The following proposition is formula (4.36) in [Gj, and it represents the counterpart to Propo- 
sition [32 
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Proposition 10.2. Let u be a solution of BaU = in Bji. Then for every < r < R, 

Dir) =[ u(^) 4^,dH,.,. 
JSr \ r J \Vpa\ 

The next lemma is the analogue of Lemma l4.ll for the operators Ba- 

Lemma 10.3. Let u he a solution of BaU = in Br. Then, either u = in Br, or H(r) / 
for every r > 0. 

We now recall two lemmas which will be important in the sequel. For their proofs we refer 
the reader to [G] . 

Lemma 10.4 (see Lemma 4.1 in (^). Let u be a solution of BaU = in Br. Then 

H'(r) = ^^^H(r) + 2D(r), forr£(0,R). 
r 

By using the coarea formula, we have the following for the derivative of D: 
(10.16) D'{r) = / |V„n| 



i2(iffiv-i 

|V/9„| ■ 

The next result, which is Corollary 2.3 in [Gj, constitutes a remarkable property of solutions 
of BaU = 0. 

Lemma 10.5 (First variation of the energy). Let u be a solution of BaU = in Br. Then, 
(10.17) D'ir) = 2 [ ( ^) ' T^dHN-i + ^^D{r). 



The following result represents a generalization of the Almgren's monotonicity formula to 
solutions of the operator Ba- 

Theorem 10.6 (Almgren type monotonicity formula, see [G]). Let u be a solution of BaU = 
in Br, and suppose that for no r £ (0, R) we have u = in Br. Then, the function r N{u, r) 
is nondecreasing on {0,R). 

Proof. Using Lemmas 110.41 110.51 and Proposition , we find 



(10.18) -f logA^(r) = 2 \'\ '"f"' 2 ; > 0, 

where we have used Cauchy-Schwarz inequality. 

□ 

Proposition 110.21 has the following consequence. 

Corollary 10.7. Let u be a solution of BaU = in Br. Then, N(u,r) = k, < r < R, if and 

only if u is homogeneous of degree k in Br. 

Proof. Suppose that u is homogeneous of degree k in Br. By the hypothesis and (110. 6p we have 
ZaU = Ku. Proposition 110.21 thus gives D(r) = -H{r), and therefore N{r) = k in (0,i?). The 
opposite implication can be proved from (jlO.lSp by arguing exactly as in the proof of Proposition 
16.81 above, and we omit the relevant details. □ 



We have seen in Corollary 110.71 that the frequency of a homogeneous solution of BaU = 
is constant. It is natural to ask whether the opposite result hold, i.e., whether it is true that 
if a solution of BaU = has constant frequency, then u must be a homogeneous harmonic 
function. In order to answer this question, we now establish, for solutions of the operator Ba, a 
monotonicity result similar to Theorem 18. 1[ 
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Theorem 10.8. Let u be a solution of BaU = in Bji. For every /t > define for < r < R 



(10.19) W.(n, r) = ^:q^D{u, r) - ^:q^H{u, r). 



Then, 

(10.20) l:^''^^'^) = l}^-^ - 

Consequently, r i— )• W^iuyr) is a non- decreasing function in {0,R), and Wk(w, •) is constant if 
and only if u is homogeneous of degree k. 

The proof of Theorem 110.81 based on Lemmas 110.41 and 110. 5t is nearly identical to that of 
Theorem 18.11 and therefore we omit it. 

Remark 10.9. We note that, similarly to the case of groups (see Remark \8.5\ above), the suf- 
ficiency part of Corollary \10.7\ also follows from Theorem \10.8[ Similarly to ()8.3p . we write 
(|10.19l) as follows 

(10.21) W.{u,r) = ^^^{N{u,r)-K). 

By the hypothesis that N{u,r) = k for < r < R, we see that Wk{u,-) = on {0,R), and 
therefore d/drWn{u, ■) = 0. In view of ()10.20p this gives Z^u = ku in Br. 

Definition 10.10. Let k > 0. We denote by «Pa,«,(R^) the space of all functions G r2(M^) 
such that BaPn = and Z^Pk = kP^- The elements of such space will be called -solid 
harmonics of degree k. 



We emphasize that, for G ^a,K{^ ), the number k needs not be an integer. For instance, 
If A = ^ then the function P^{z,t) = - A\t\'^, is a solution of B^f = 0, 

homogeneous of degree k = 2(a + 1). Thus, P^ G ^a,K{ 



Proposition 10.11. For every k > the space ^a,Ki^^) is finite dimensional. 

Proof. Let u G ^a,K(IK^). Since ZaU = ku in M^, for any {z,t) G such that pa{z,t) > 1 we 
must have 

U{z,t) = Pa{z,tYu{5p^^^^t)-Az,t)), 

and therefore 



|'u(-2;i)l ^ ^max \u\ ) pa{z,t)'^. 

This estimate gives 

(10.22) sup ( — :sup|u| ) < oo. 



>i V'^" Br 

With ()10.22p in hands, we can now invoke the Colding-Minicozzi type theorem at the end of the 
paper [KL] by Kogoj and Lanconelli to conclude that ^a,K{^^) is finite dimensional. 

□ 

It is quite notable that solid harmonics of different degrees enjoy the following orthogonality 
property. It is well-known that a similar orthogonality property fails for the solid harmonics in 
the Heisenberg group H". 



Proposition 10.12. For every k ^ p, let P^ G ^a,KO^ ) o-nd P^ G *Pq,^^(M ). Then, for every 
r > one has 



PnPt.T^dHN-1 = 0. 
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Proof. By formula (2.30) in [G\ we have 



= / (P, Bo^Pf, - P^ B^P^)dzdt 



P^ < VaP,„Vapa > -P,^ < ^ aPn,^ aPa > 

Using the equation (|10.12p in the latter identity we find 

< VaPii,VaPa >= ^^^tpa = kP^ — 
Pa Pa 



dHN- 



N-1 



|V/Oa| 



and similarly. 

r 

< VaPu,'^aPa >= ' , . 

Pa Pa 



^ in D in ^ ^aPfi , jj V'a 

< VaPfj., VaPa >= Wa = pPfJ. — ■ 



Combining the last three equations we obtain 

P ~ f r> D ^' 



P^Pf,-^dHN-i = 0. 



Since k ^ p, the desired conclusion follows. 



□ 



Theorem 10.13. Let u ^ be a solution of B^u = in W'^ . If for some number k > we have 
N{u,r) = K, then u £ ^a,«,(M^). 

Proof. From Corollary 110.71 or Remark 110.91 we conclude that ZaU = ku in M^, and thus 
u G q3„,«(M^). 

□ 

Our next result represents a generalization to solutions of the operator Ba of a monotonicity 
theorem proved in |GP] for solutions of the lower-dimensional obstacle problem for the standard 
A. For the case k = 2, and in connection with solutions of the classical obstacle problem for A, 
this monotonicity theorem was first proved by Monneau in [M] . We begin with some preliminary 
considerations. Suppose BaU = in R^. According to Theorem 110.61 the frequency N{u,-) is 
monotone noncreasing, and therefore the limit 

N{u,0^) = lim N{u,r), 

exists. If K = N(u,0'^), then again by Theorem 110.61 we know that 

(10.23) N{u,r)>K, 0<r<R. 

Theorem 10.14. Let BaU = in Br and denote by k = N{u,0'^). Let P^ G T1^{Br) he such 
that BaPn = and Z^P^ = kP^ in Bn, and consider the functional 

(10.24) M.{u, P^,r) = ^ (n - P^)^^^dH^^,. 
Then, 

(10.25) -^M^{u,P^,r) = -Wn{u,r), 

dr r 

and therefore by ()10.2ip and ()10.23p . r — Ait^{u,P^,r) is non- decreasing in (0, i?). 
Proof. We begin by observing that, thanks to ()10.23p . we have 

(10.26) N{u,r)>K, r>0. 
By formulas (jl0.26p and (110. 2ip we thus find 

(10.27) >V^(u,r)>0, r>0. 
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Therefore, the nondecreasing character of r — t- Mi^{u, -P^, r) will follow once we establish formula 
(|10.25p . We turn to this objective now. 

Corollary 110.71 guarantees that N{Pf^,r) = k, and so, again by (|10.2ip . we conclude that 

W«(P«,r) =0. 

This observation allows to write, with w = u — P^, 

(10.28) r) = W,(n, r) - r) 

= ^Q,2+2^ j]^ (I V„W;|2 + 2 < V^tU, VaPn >)dzdt 

Next, we integrate by parts in the term 



i 2 < VaW, Vq,Pk > dzdt = 2 < Xj,i/ > XjP^dHN-i 

" Bf J St j ^ 

^ m 

-2 w'^d\Y{X.jPf, Xj)dzdt 

J Br ■ 1 



2 [ w< VaP^, VaPa > - 2 / wBaP.dzdt 

JSr J Br 

2 [ W< VaP.,yaPa > '^^^'^ 



since BaPk = 0, and from (jl0.2p one has divXj = 0. We now use the crucial identity (jl0.12p in 
Lemma llO. II and the hypothesis ZaP^ = nP^, to conclude that 

(10.29) [ 2<VaW,VaP^> dzdt = — [ wP^-^f^dHN-i- 
J Br r Js^ \Vpa\ 

We cannot emphasize enough the key role of the identity (|10.29p . Substituting (|10.29p in (jl0.28p . 
and using the definition (|10.19p of W^iw, r), we conclude that the following noteworthy identity 
holds 

(10.30) >V(n, r) = yV{w, r), < r < R. 
We now observe that ()10.24p implies 

(10.31) M^iu,P.,r) = -^3^ j^w'^^dH^., = ^:Q^H{w,r). 
Since BaW = 0, Lemma [10.41 gives 

H'(w, r) = ^^^H(w, r) + 2D(w, r). 
r 

Diff^erentiating (jl0.3ip and using the latter identity we thus find 

A. / n ^ Q-1 + 2k^^, , 1 
—M.{u,P^,r) = H{w,r) + ^q_,^^^ 

2 2 

= -W^{w,r) = -W^(u,r), 

where in last equality we have used (jl0.30p . We have established (|10.25p . thus completing the 
proof of the theorem. 

□ 



-H{w,r) +2D{w,r) 
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We close by remarking that Theorem ll0.14l has a counterpart for Carnot groups if one assumes 
that both the harmonic function u and the homogeneous harmonic function have vanishing 
discrepancy. We omit the relevant statement. 
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